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Three-dimensional direct numerical simulations are performed to model an internal tidal beam at

near-critical slope, and the phase dependence of turbulent processes is investigated. Convective

instability leads to density overturns that originate in the upper flank of the beam and span the

beam width of 6 m during flow reversal from downslope to upslope boundary motion. During this

flow reversal event, negative turbulent production is observed signaling energy transfer from

velocity fluctuations to the mean flow. In this note, we explain the mechanism underlying negative

production. VC 2011 American Institute of Physics. [doi:10.1063/1.3651359]

Oceanic internal tides occur as a baroclinic internal

wave response to the flow of the barotropic tides over topog-

raphy. Internal tides play a dominant role in deep ocean mix-

ing near submarine ridges,1,2 continental slopes,3,4 and deep

rough topography5 resulting in modification of the vertical

stratification and large scale ocean circulation. In the vicinity

of critical slopes, where the slope angle matches the phase of

the internal waves, there is resonance and enhanced turbu-

lence is possible as part of the nonlinear response. Aucan

et al.1 observed tidally driven overturns with vertical scales

of order 100 m at Kaena Ridge. Peak near-bottom dissipation

rate of 2� 10�6 W/kg was observed at that bottom mooring

with the corresponding time-averaged value of 1.2� 10�8

W/kg (10-100 times the ocean interior value), as part of the

Hawaii Ocean Mixing Experiment (HOME). Similarly, Nash

et al.4 reported two deep ocean hotspots of turbulent mixing,

both at near-critical regions of the Oregon continental slope.

Therefore, there is much current interest in understanding

bottom turbulence processes associated with internal tides at

sloping topography.

Internal tides in critical environments form internal tidal

beams resulting in intensified oscillating boundary flow

along the slope.6,7 Laboratory8 and numerical6,9 experiments

have shown evidence of turbulence in tidal beams over slope

topography with length of the order Oð1� 30Þ m and width

up to 0.2 m. Recently, Gayen and Sarkar10 scaled up the gen-

eration problem to a beam of width 60 m and a peak velocity

of 0.125 m/s using large eddy simulation (LES). Phase-

dependent turbulence characteristics, similar to the observa-

tions of Aucan et al.1 at Kaena Ridge, were found including

turbulence spanning the beam during flow reversal from

downslope to upslope. Here, we report on direct numerical

simulations (DNS) of the problem of an internal wave beam

with a reduced width of 6 m that, while larger compared to

the beam width in our previous inhomogeneous studies6,9 so

that the near-wall turbulence is separated from the beam

core, is small enough to permit the DNS approach. All terms

in the transport equation of turbulent kinetic energy are com-

puted without recourse to turbulence models.

Oscillating flow over sloping topography with regions

of critical slope angle was numerically modeled in our ear-

lier studies6,9 using a boundary-conforming grid, curvilinear

coordinates, and allowing for streamwise inhomogeneity.

Intensified boundary flow creates a baroclinic response in the

form of an internal wave beam leading to turbulence. In the

present work, we have scaled up the beam width, lb, and

peak near-bottom velocity, Ub, on a slope and investigated

phase-dependent turbulence activity in a small segment of

the beam.

DNS is used to obtain the velocity and density fields by

numerical solution of the Navier-Stokes (NS) equations

under the Boussinesq approximation, written in rotated coor-

dinates [xr, yr, zr] in dimensional form as

rr � ur ¼ 0

Dur

Drt
¼ � 1

q0

rrp
� þ �r2

r ur �
gq�

q0

½sin biþ cos bk�

Dq�

Drt
¼ jr2

r q
� � ur sin bþ wr cos bð Þ dqb

dz
:

(1)

Here, p� and q� denote deviation from the background pres-

sure and density, respectively. The NS equations are numeri-

cally solved to obtain the velocity in rotated coordinates [ur,

vr, wr]. Numerical methods are discussed in our earlier stud-

ies.10,11 The test domain, excluding the sponge region, con-

sists of a rectangular box of 5 m length, 16 m height, and 1

m width whose bottom boundary is coincident with the slope

topography as shown in Figure 1. The grid size in the test do-

main is 256� 500� 128 in the xr, zr, and yr directions,

respectively, with stretching in the zr direction. The grid

spacing (Dxr¼ 0.01953 m, Dyr¼ 0.0078 m, Dzr,min¼ 0.0021

m, Dzr,max¼ 0.2 m) provides sufficient resolution: Dxþr < 15,

Dyþr < 10, and Dzþr;min < 2 in terms of the viscous wall unit

�/us. Here, us is the friction velocity defined as

us ¼
ffiffiffi
�
p
½ð@huri=@zrÞ2 þ ð@hvri=@zrÞ2�1=4

zr¼ 0. The grid spacing

through the domain and at all times satisfies Dz/g< 3 so that

the elevated dissipation during convective overturns is also

resolved. Periodicity is imposed in the spanwise, yr, and

streamwise, xr, directions. Zero velocity and a zero value for

wall-normal total density flux, i.e., dq/dzr¼ 0 are imposed ata)Electronic mail: sarkar@ucsd.edu.
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the bottom. The sponge region, with damping to the back-

ground state, contains 13 points, extends from 16 m to 20 m,

and has a maximum Dzr¼ 0.49 m. The upper boundary of

the sponge region is an artificial boundary where Rayleigh

damping or a “sponge” layer is used. A detailed description

motivating the modeling of the tidal beam in a homogeneous

domain is available in previous work by Gayen and Sarkar.10

In the present simulation, N1¼ 1.6� 10�3 rad.s�1 and

X¼ 1.4076� 10�4 rad.s�1 giving a wave angle h¼ sin�1

(X/N1) � 5�. For slope angle, b¼ 5�, the criticality parame-

ter is given by �¼ tan b/tan h � 1. The kinematic viscosity,

�¼ 10�6 m2/s, is that of water. The Prandtl number is chosen

to be Pr¼ 7. The beam velocity amplitude is chosen to be

Ub¼ 0.0125 m/s, and the beam width is lb¼ 6 m. Cycle-

averaged and maximum values of turbulent Reynolds num-

ber are ReT	 1500 and 	6000, respectively. Here, ReT is

based on the velocity scale, uT ¼ ð1=lbÞ
Ð lb

zr ¼ 0

ffiffiffiffiffiffi
2K
p

dzr,

where K ¼ 1=2hu0iu0ii is the turbulent kinetic energy, lb is

length scale, and l is the molecular viscosity. Another Reyn-

olds number is ReS¼Ubds/�	 1500 based on the Stokes

boundary layer thickness dS ¼
ffiffiffiffiffiffiffiffiffiffiffi
2�=X

p
. Variable time step-

ping with a fixed Courant-Friedrichs-Lewy number 1.2

is used leading to Dt ’ Oð1Þ s. One tidal cycle takes approx-

imately 1500 CPU hours.

The velocity profile, see schematic of Figure 1, corre-

sponds approximately to an oscillating wall jet in a stratified

fluid. The phase variation of turbulence over a single tidal

period was discussed in our previous LES10 and is summar-

ized below for the current DNS. Throughout the tidal cycle,

the deviation density q� lags the velocity by approximately

p/2, resulting in the maximum of the density deviation dur-

ing the phase of minimum velocity and vice-versa. The cycle

starts with negative peak velocity corresponding to /¼ 0

with little deviation of the density field from the background

state. Soon after, during the decelerating phase of the down-

slope flow spanning 0</<p/2, the density field changes in

response to warmer fluid moving down from upslope to

replace the cold fluid previously inside the jet. It is noted

that, away from the jet core, the deformation of the density

field decreases especially at the top edge of the beam due to

relatively low jet velocity. As a result, a density inversion is

observed in the upper flank of the beam. Later in time, the

large-scale overturns collapse and break into smaller struc-

tures. Similarly, during flow reversal from upslope to down-

slope flow, a density inversion of heavier fluid over lighter

fluid occurs inside the lower flank of the jet spanning

0< zr< 1.

The velocity and the density structures formed during

the flow reversal event have strong impact on turbulent sta-

tistics, calculated here as averages over xr – yr planes parallel

to the slope. The turbulent kinetic energy, K ¼ 1=2hu0iu0ii
also denoted by TKE, represents the energy in fluctuations

with respect to the mean velocity and satisfies the following

evolution equation:

@K

@t
¼ P� eþ B� @T

@zr
: (2)

Here, @T/@zr denotes the transport of the TKE consisting of

pressure transport, turbulent transport, and viscous transport.

P, e, and B are the production, dissipation, and the buoyancy

flux, respectively. Figure 2(a) shows the evolution of turbu-

lent kinetic energy, K. Peak TKE that extends up to a height

of 	8 m above bottom, occurs during the flow reversal due

to the large density inversion in the upper flank of the beam.

Figure 2(b) shows the temporal evolution of depth-averaged

values of each term in the TKE-budget over a tidal period.

The depth-averaged buoyancy flux, hBi, shows positive val-

ues during the flow reversal event that correspond to the

large density overturn and associated transfer of energy from

potential form to kinetic form. Significant negative produc-

tion hPi occurs just after the flow reversal. The event of neg-

ative hPi spans Dt	 1 h and signals energy transfer from

velocity fluctuations to the mean flow. Soon after peak, hBi,
the dissipation, hei, increases. Production regains its positive

values after the beam becomes energetic in the upslope

direction. Elevated amounts of TKE production and dissipa-

tion are observed due to the wall shear during the upslope

flow. hPi and hei are the only dominant terms in the TKE-

budget during this phase.

Negative turbulent production is an unusual occurrence

in boundary layer turbulence. A primary goal of this note is

to obtain an explanation for negative production. The mecha-

nism responsible for the observed negative production is

explained with the help of the illustration in Fig. 3 and con-

firmed with the DNS data in Fig. 4. During the decelerating

phase of the downslope motion, the downward flow contin-

ues to bring water from above in the form of a jet as previ-

ously discussed. This creates a density inversion of heavier

fluid on top of lighter fluid at the upper flank of the jet as

shown in Fig. 3(a). At this phase, the streamwise velocity is

small in magnitude but still in the downslope direction.

Soon after, the corresponding unstable density field

forms mushroom shaped plumes similar to the Rayleigh-

Taylor type instability problem as shown in Fig. 3(b).

FIG. 1. (Color online) Schematic of the problem. Background shades in the

figure indicate the stable density stratification.
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Structures containing lighter/warmer (heavier/colder) fluid

tend to have upward motion, i.e., w> 0 (downward motion,

i.e., w< 0), owing to buoyancy. Thus, velocity fluctuations

(mostly up-down vertical motion) are created by positive

buoyancy flux during the density inversion, not by back-

ground shear associated with the small velocity at this phase.

After the flow reversal, the jet starts to move in the upslope

direction with a negative ðdhuri=dzr < 0Þ velocity gradient

in the upper flank of the jet as shown in Fig. 3(c). This sud-

den applied shear boosts the inclined fluctuating motions of

the structures formed before the zero crossing, by providing

the rightward streamwise motion for the downward moving

structures and vice-versa. This results in negative values of

the product of the two velocity components u0r;w
0
r

� �
. The

negative Reynolds stress, hu0rw0ri, acts on the negative shear

in the upper portion of the jet to give negative turbulent

production.

To verify this mechanism, snapshots of fluctuating fields

are shown in Fig. 4 along with averaged streamwise velocity

profile at /¼ p/2þp/10 at a time immediately after flow re-

versal from down to upslope motion. Leftward inclined den-

sity structures are shown along with their relative motion by

the arrows in Fig. 4(b). Figures 4(c) and 4(d) show snaps of

the streamwise fluctuating velocity, u0r and wall normal fluc-

tuating velocity, w0r, respectively. It is clear that the struc-

tures of cold heavier fluid (in blue contour values and white

arrows) shown in Fig. 4(b) have positive streamwise velocity

in Fig. 4(c) and negative wall normal velocity in Fig. 4(d).

Similarly, the lighter fluid structure (in yellow contour values

and black arrow) in Fig. 4(b) has negative streamwise and

positive wall normal velocity. Consequently, the product of

the two components of fluctuating velocity has negative val-

ues along the inclined buoyant structures as shown by the

white dashed lines in Fig. 4(e) and hence yields a negative

value for P ¼ �hu0rw0ri@huri=@zr after multiplication with

the negative shear in the upper flank of the jet. The duration

of negative production is set by the time taken for the con-

vectively driven structures to dissipate.

The interaction of an internal tide beam with a bottom

slope has been examined using direct numerical simulation.

Immediately after the zero velocity point when the flow

reverses from down to upslope, there is a burst of turbulence

with large dissipation that spans the beam and lasts for about

1.5 h. This burst is initiated by a convective instability
FIG. 3. (Color online) Illustration of negative production mechanism during

the flow reversal event from down slope to upslope flow.

FIG. 2. (Color) (a) Temporal evolution

of averaged TKE profiles. (b) Cycle evo-

lution of depth-averaged values of the

quantities in TKE-budget along with

averaged streamwise velocity (dashed

red line) at height of z*¼ 0.6 m. Here,

the averaging region extends from the

bottom slope to z*¼ 10 m.
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detached from the bottom and is accompanied by a large

positive buoyancy flux. Negative turbulent production span-

ning about 1 h occurs during this turbulence episode indicat-

ing the transfer of energy from the fluctuating field to the

mean field. It is shown that inclined turbulent structures initi-

ated by buoyancy (not shear) are distorted by the non-zero

mean shear that occurs after the velocity passes through its

zero value, resulting in negative production.
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FIG. 4. (Color) (a) Wall normal profiles of mean streamwise velocity at /¼p/2þp/10. (a) Vertical x-z slice of the density field (after subtracting 1000 kg

m�3) at same phase of (a). Here, back (white) arrow indicates left upward (right downward) motion of the flow structure. Same as (b) for streamwise fluctua-

tion, u0r (c), wall normal fluctuation, w0r (c) and their product, u0rw
0
r (e).
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