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[1] Numerical simulations are performed to investigate the interaction of a semidiurnal
internal wave (IW) beam with the nonuniform stratification of an upper ocean pycnocline.
During the initial stage of the interaction, higher harmonics originate after reflection of the
IW beam at the caustic and are trapped in the pycnocline. In cases where the pycnocline
thickness is sufficiently large (approximately larger than twice the dominant wavelength in
the beam), the incoming beam undergoes a parametric subharmonic instability (PSI) during
refraction through the pycnocline at later time. Consequently, there is significant energy
transfer to subharmonic motions that exhibit exponential growth with a rate of 2/3 day�1.
The instability is demonstrated to be a resonant triad interaction by diagnostics in both wave
frequency and wave number spaces. Smaller vertical scales originate during the PSI, lead to
wave steepening, and produce convective overturns. This work identifies a potential
mechanism that drives IW beam degradation during its propagation through the upper
ocean.
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1. Introduction

[2] Internal waves (IWs) generated by surface tidal flow
over critical and supercritical topography form a tidal beam
composed of many spatial modes within a finite-width
region. After generation, an IW beam may traverse into the
upper part of the ocean. During its propagation through a
nonuniform stratified environment in the upper ocean, a
beam encounters a region of density change (pycnocline)
and there are observational studies [Martin et al., 2006;
Cole et al., 2009; Holbrook et al., 2009; Johnston et al.,
2010] that show degradation of the internal wave beam dur-
ing its interaction with the pycnocline. The objective of the
present work is to understand mechanisms leading to beam
degradation in a pycnocline through a numerical process
study.

[3] The cascade from internal tides to small spatial
scales and eventual turbulence plays a significant role in
deep-ocean mixing [Garrett, 2003] so as to maintain the
vertical stratification observed in the mid-ocean. Mixing in
the deep ocean conveys heat from the upper layer of the
ocean to the abyssal cold waters balancing the upwelling of
cold water and, thus, it helps to maintain the meridional
overturning circulation. Apart from internal wave breaking
near topography [Polzin et al., 1997; Nash et al., 2007;

Gayen and Sarkar, 2011a] or in critical layers, there can be
nonlinear interaction between groups of propagating inter-
nal waves [M€uller et al., 1986] to generate further spatial
scales and temporal frequencies. In particular, the forma-
tion of subharmonics with a higher vertical wave number
than the original internal wave could constitute the first
step in the breakdown of internal tides to turbulence. A sin-
gle internal wave of frequency !0 and wave vector K0 is
subject to an instability under certain circumstances
whereby the primary wave decays by transferring energy
into two waves of lower frequency, such that K0¼K1þK2

and !0¼!1þ!2 are satisfied. This process is known as
parametric subharmonic instability. The special case !1 ¼
!2 ’ !0=2 corresponds to maximum energy transfer in the
limit of high wave numbers, k1 and k2, of the subharmonics
[Staquet and Sommeria, 2002]. PSI with energy partition-
ing into unequal frequencies is also possible. For instance,
Korobov and Lamb [2008] found PSI involving !0, 0.57!0,
and 0.43!0 in numerical simulations of internal tide genera-
tion at a flat-topped ridge. Recently, Bourget et al. [2013]
identified PSI involving !0, 0.67!0, and 0.33!0 in their lab-
oratory experiments and theoretically showed that the
selection of participating frequencies and instability growth
rate depends on the frequency, wave number, and Reynolds
number of the primary wave.

[4] Internal wave beams have been observed near gener-
ation [Pingree and New, 1989] and after bottom reflection
[Pingree and New, 1991] in the Bay of Biscay. Semidiurnal
IW beams, originating from Kaena Ridge in Kauai Chan-
nel, have been observed and their structure studied by Mar-
tin et al. [2006], Cole et al. [2009], and Pickering and
Alford [2012]. There is evidence of interaction with the
upper ocean pycnocline that degrades the beams generated
at Kaena Ridge during their interaction with the upper
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ocean pycnocline. Martin et al. [2006] observed clustering
of energy surrounding the ray path of the beam extending
up to �50 km from the topography before it hits the upper
surface. There was no such energy clustering below the
pycnocline in the reflected wave beam path. Another set of
observations of the across-ridge structure of internal tides
has been obtained at Kauai Channel by Cole et al. [2009]
using SeaSoar and a Doppler sonar over the upper 400–600
m of the ocean extending 152 km on each side of the ridge.
The pycnocline thickness was approximately 125 m, and
the internal wave beam shear below the pycnocline shows
high modes with a vertical thickness that is 50 m and
smaller. Cole et al. [2009] clearly identified upward propa-
gating internal wave beams emanating from the two sides
of the ridge in the velocity variance signal; however, a
clear beam signature was absent in the reflected downward-
propagating wave signal below the pycnocline. Downward-
propagating beams in velocity shear (a measurement that is
biased toward higher vertical modes) were even more diffi-
cult to identify. The structure of the internal wave beams in
the same site was examined over a larger water depth by
Pickering and Alford [2012], who utilized acoustic Doppler
current profiler data that extended to 1000–1500 m.
Although the M2 component dominated, Pickering and
Alford [2012] found features with a shallower slope in the
pycnocline with slope close to K2 internal tide or (1/2)M2
subharmonic waves. Seismic reflection maps provide strik-
ing images of high-mode wave structure. A seismic reflec-
tion image extending over hundreds of meters vertically
and tens of kilometers laterally in the Norwegian Sea [Hol-
brook et al., 2009] detected high-mode IW beams and
showed fine-scale structures inside the seasonal pycnocline
between 300 m and 700 m, particularly in the proximity of
the IW beam ray paths.

[5] The formation of subharmonics during the interaction
of an IW beam with an upper ocean pycnocline has not been
previously identified. However, recent numerical and field
studies have found evidence of direct energy transfer from
M2 to (1/2)M2 frequency by PSI in other situations. Rain-
ville and Pinkel [2006] measured a subharmonic signal in
upper ocean velocity and displacement data in the near field
and the far field (450 km offshore) of a strong internal tide
generation site at Kaena Ridge during the Hawaii Ocean
Mixing Experiment (HOME). In the far field, independent of
any diurnal forcing, the energy flux associated with diurnal
frequency varies in accord with the fortnightly cycle of the
barotropic semidiurnal tide, suggesting direct energy transfer
from the M2 internal tide to internal waves at frequencies (1/
2)M2. Carter and Gregg [2006], based on 1 month data
from a deep-profiling shipboard Doppler sonar, observed
cross-frequency energy transfer in a narrow depth range
(525–595 m) from the M2 tide to the (1/2)M2 frequency in
an IW wave beam close to Kaena Ridge. A recent study by
Sun and Pinkel [2013] used bispectral analysis to examine
data collected by FLIP’s (FLoating Instrument Platform)
vertical profiler that intersected a southward traveling inter-
nal tide emanating from Kaena Ridge. Significant energy
transfer was found from the low-mode M2 internal tide to
subharmonics with frequency near (1/2)M2 and vertical
wavelengths of O 120 mð Þ.

[6] The numerical experiments of Hibiya et al. [2002]
and MacKinnon and Winters [2005] show that a significant

amount of energy is transferred to (1/2)M2 from M2 by
nonlinear interactions for plane monochromatic waves near
the critical latitude (�c¼ 28.9�N) leading to potentially cat-
astrophic breakdown of the M2 tide. The observations of
Alford et al. [2007] indicate intense, vertically standing,
near-inertial waves near the critical latitude that suggest
PSI; however, there was no significant loss in the M2 tidal
energy flux. Hazewinkel and Winters [2011], using numeri-
cal simulations, attribute the absence of catastrophic break-
down of the M2 tide to the time scale of the PSI being of
the same order as the spring-neap cycle, thus disallowing
sufficient time for explosive growth of PSI. MacKinnon
et al. [2013] examined observations of the rather complex
oceanic IW environment to deduce that, near �c, there is a
statistically bicoherent phase between the internal tide and
upward/downward near-inertial waves that leads to positive
energy transfer from the M2 internal tide to the near-
inertial waves. Gerkema et al. [2006] in their numerical
experiments showed breaking of an IW beam close to the
supercritical topography. Radiation of subtidal beam-like
structures, along with the fundamental beam, are observed
in recent simulations of an ocean ridge [Korobov and
Lamb, 2008] and continental slope [Gayen and Sarkar,
2010] during the generation of internal tides.

[7] Internal wave beams may also interact with the pyc-
nocline to locally generate internal solitary waves (ISWs)
that are groups of horizontally propagating interfacial grav-
ity waves. Although ISWs have not been noted in the afore-
mentioned observational studies at the Hawaiian ridge,
mode-1 ISWs observed in the Bay of Biscay have been
attributed to IW beam/pycnocline interaction [New and
Pingree, 1992]. Gerkema [2001] using theory and numeri-
cal modeling found the mode-1 ISW formation to be con-
trolled by the parameter � ¼ cp=N1H with the most
energetic ISWs occurring when � � 0.12. Here, cp is the
interfacial phase speed based on a two-layer approximation
calculated using the relative density difference across the
pycnocline and vertical depth of the center of the pycno-
cline from the top surface. N1 is the buoyancy frequency of
the bottom layer and H is the depth of the ocean. Akylas
et al. [2007] introduced another controlling parameter � ¼
N1�0=cp (where �0 is the transverse wavelength of the
beam) for generation of ISW at the interface of a two-layer
ocean of infinite depth and showed maximum interfacial
displacement at � � 1.

[8] Mathur and Peacock [2009] have performed a set of
laboratory experiments on the propagation of both plane
IW and localized IW beams through variable density inter-
faces. Their laboratory experiments, limited to the laminar
regime, indicate that nonuniform stratification disrupts a
beam, ducts energy, and affects beam transmission and
reflection. Subsequent numerical [Grisouard et al., 2011]
and experimental [Mercier et al., 2012] studies with param-
eters tuned to the ISW regime found mode-1 ISWs when
the parameter � ’ 0:1, consistent with the criterion
advanced by Gerkema [2001]. Mercier et al. [2012] also
observed a mean flow, generated in the direction of wave
propagation. Numerical process studies have generally
assumed a uniform stratification; therefore, beam structure
is maintained after surface and bottom reflections. A nota-
ble exception is the analytical/numerical work of Grisouard
et al. [2011], where a beam incident on the thermocline is
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investigated using two-dimensional simulation of the
Navier-Stokes equations accomplished with the MIT-gcm.
Higher harmonics trapped in the pycnocline and internal
solitary waves (ISWs) of mode 1 were found. Mode-2 and
mode-3 ISWs were also found to occur when the parame-
ters were such that the interfacial phase speed matches with
wave speeds of higher modes in the water column.

[9] In order to study the interaction of an internal wave
beam with an upper ocean pycnocline, we performed nu-
merical simulations using our nonhydrostatic computa-
tional model [Gayen and Sarkar, 2011b]. The physical
parameters used in the present study place the simulations
in a different parameter regime with respect to optimal
ISW generation. For instance, cases A1–A5 in Table 1
have � larger than the �¼ 0.12 criterion and � smaller than
the �¼ 1 criterion. Correspondingly, ISWs that are found
here do not constitute the prominent feature of the flow
evolution but become larger in amplitude progressively
from case A1 to case A4. On the other hand, the degrada-
tion of the incoming beam during its interaction with the
pycnocline by PSI is the dominant feature except for case
A4, as will be discussed later.

2. Problem Formulation

[10] A linear, two-dimensional wave beam propagates
upward in a thermally stratified medium of constant density
gradient, N1. It then encounters the upper ocean with a con-
tinuously varying density gradient in the vertical direction,
z : a mixed layer on top of a pycnocline of strength N2. The
pycnocline layer has a thickness, lpy (denoted in Figure 1
for case A1), which is varied in a parametric study.

[11] In the present study, five cases are simulated with
parameters as listed in Table 1. For all cases, the incoming
beam frequency is � ¼ 1:4076� 10�4 rad s �1 and
T ¼ 2�=� ¼ 12:4h, which corresponds to the diurnal M2
tide period. Internal tidal beams generated by bottom ocean
topography often have a shallow propagation angle of � �
2�7�. It is computationally very expensive to model such a
shallow beam with the small grid size required to meet our
objective of high-resolution simulations because it covers a
large streamwise domain length, requiring a significantly
large number of grid points in the horizontal direction.
Therefore, the parametric study of the influence of the ratio
of beam thickness to pycnocline thickness, lb/lpy, performed
in cases A1–A4, utilizes a steeper angle of 30�. In contrast,

Table 1. Simulation Parametersa

Physical Parameters A1 A2 A3 A4 A5

Vertical thickness of IW beam lb (m) 100 100 100 100 100
Vertical thickness of pycnocline lpy (m) 85 50 25 10 50
Relative thickness of IW beam lb/lpy 1.2 2 4 10 2
Velocity of IW beam u0 (cm/s) 0.1 0.1 0.1 0.1 0.41
Frequency of IW beam �(s�1) 1.4 � 10�4 – – – –
Froude number Fr¼ u0/(N1lb) 0.035 0.035 0.035 0.035 0.035
Deep stratification N1(s�1) 2.8 � 10�4 – – – 1.15 � 10�3

Pycnocline inhomogeneity G¼N2/N1 4 4 4 4 4
Incoming IW angle �(�) 30 30 30 30 7
ISW criterion, Gerkema [2001] G 1.095 0.704 0.476 0.405 0.5
ISW criterion, Akylas et al. [2007] A 0.165 0.258 0.381 0.448 0.414
Remark PSI PSI PSI Negligible PSI PSI

aIn cases A1–A4, the thickness of the pycnocline is progressively decreased relative to the incident beam width. Case A5 has a shallower beam angle
of 7� that is closer to oceanic conditions.

Figure 1. (a) Schematic of the problem along with internal wave beam maker at the left side and
sponge region at the right and bottom of the computational domain. IW beam path is denoted by red
line. Background color shade in the figure indicates the stable density gradient. Profiles on the right cor-
respond to background density, �b(z), and buoyancy profile, N(z), where N1 and N2 are the buoyancy fre-
quency in the lower part of the domain and at the pycnocline center, respectively. (b) Nondimensional
power spectrum of the horizontal velocity in the beam. Inset shows the vertical profile of horizontal ve-
locity at the left side domain boundary corresponding to the incoming beam.
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case A5 has a shallower angle of 7�, closer to oceanic val-
ues, and is simulated to verify that the PSI found in cases
A1–A4 is robust to the choice of wave propagation angle.
For cases A1–A4, the lower ocean background buoyancy
frequency is set to N1 ¼ 2:8152� 10�4 rad s�1, a value
smaller than typical, which gives an incoming wave angle
� ¼ sin �1 �=N1ð Þ � 30

�
. The strength of the density

change in the pycnocline is G ¼ N2=N1 ¼ 4. The pycno-
cline thickness, lpy is 100 m for case A1 and decreases to
10 m for case A4. The kinematic viscosity, v¼ 10�6 m2/s,
is that of water with Prandtl number Pr¼ 7. The beam
width in the vertical direction is lb ¼100 m, which is
consistent with the vertical width of the internal wave
shear regions in the beams observed off Kaena Ridge. In
cases A1–A4, the velocity amplitude is chosen to be
u0¼ 0.1 cm/s, a value that is substantially smaller than in
the HOME near-field measurements. We choose a small
wave velocity to compensate for the lower value of N1 cho-
sen here, in order that the Froude number of the incoming
beam based on u0, N1, and lb is Fr ¼ u0= N1lbð Þ ¼ 0:035, a
moderate value that is guided by oceanic examples. Case
A5 has an incoming wave angle, �¼ 7�, that was chosen to
be closer to typical oceanic values of wave propagation
angle, and the corresponding value of N1 ¼ 1:155�
10�3 rad s�1 is also closer to mid-ocean stratification. The
beam velocity amplitude is chosen for this case to be
u0¼ 0.41 cm/s so that Fr is identical to the other cases. The
effects of Earth’s rotation are not included. Rotational
effects will modify but not change the existence of resonant
triads during the interaction process.

[12] Our computational model [Gayen and Sarkar,
2011b] was employed in a two-dimensional mode and
without recourse to subgrid models. The full NS equations
(including nonhydrostatic effects) are numerically solved
to obtain the velocity [u,w] and the deviations from back-
ground density and pressure as a function of Cartesian
coordinates [x,z]. Spanwise derivatives are treated with a
pseudospectral method and other derivatives with second-
order finite differences. A low-storage, third-order Runge-
Kutta-Wray method is used for time stepping, except vis-
cous terms, which are treated implicitly with the alternating
direction implicit method. Pressure correction is done by a
fractional step method. For cases A1–A4, the test domain,
excluding the sponge region, consists of a rectangular box
of 1200 m length and 300 m height. The grid size in the
test domain is 890 � 500 in the x and z directions, respec-
tively, with stretching in both directions. In case A5, the
box has length of 3200 m and a height of 300 m with reso-
lution of 2300 � 500 points in the x and z directions,
respectively. The grid spacing (Dxmin ¼ 0:5m,
Dxmax ¼ 1:2m, Dzmin ¼ 0:25m, Dzmax ¼ 1m) is sufficient to
resolve smaller waves created during the subharmonic
instability. Variable time stepping with a fixed Courant-
Friedrichs-Lewy number of 1.2 is used leading to Dt ’
O 1ð Þ s. Although not spatially three-dimensional, each sim-
ulation is computationally expensive because of the small
Dt, since one tidal cycle (approximately 50,000 time steps)
takes approximately 1000 CPU hours to simulate.

[13] The flow is forced at the left side of the computa-
tional domain based on the analytical value of the parallel
and transverse velocity components, as well as the buoy-
ancy fields of the Thomas-Stevenson profiles [Thomas and

Stevenson, 1972; Mercier et al., 2010]. The profiles consti-
tute a viscous, self-similar solution of the Navier-Stokes
equations and have zero integrated mass flux. For given
environmental parameters (viscosity, buoyancy frequency,
and wave forcing frequency), there is a free parameter that
sets the beam width, lb, at x¼ 0. The energy in the internal
wave beam spans a broad range of wave numbers as shown
by the power spectrum of the streamwise velocity in Figure
1b obtained from data taken on vertical sections of the inci-
dent IW beam. At the top of the domain, a free surface con-
dition with the rigid-lid approximation is imposed with
zero gradient value for the density. The right and bottom
boundaries are artificial boundaries corresponding to the
truncation of the domain. Rayleigh damping or a sponge
layer is used at the right and the bottom of computational
domain, shown in Figure 1, so as to minimize spurious
reflections from the artificial boundary into the test section
of the computational domain. The sponge region for cases
A1–A4 at the right boundary contains 25 points and
extends from 1200 to 1500 m, while the bottom sponge
with 15 points extends from z¼�180 to �250 m. The
strength of the sponge region was adjusted until reflection
from the internal wave beams incident on the sponge was
found to be negligible.

3. Results: Case A1

[14] After entering from the left boundary, an internal
wave beam arrives at the upper pycnocline in approxi-
mately 2 days. The beam thickness is close to the thickness
of the pycnocline. As time progresses, various nonlinear
phenomena take place, such as formation of harmonics and
resonant subharmonic instability, as will be explained
below.

[15] Figure 2 illustrates the evolution of the horizontal
velocity field by showing snapshots in the x-z plane at three
different times. An internal wave beam, after entering the
domain from the left hand side at z � �130 m, travels into
the pycnocline at z¼�15 m. During transmission through
the lower transition layer, N1 ! N2 of the pycnocline, the
beam narrows owing to enhancement of the vertical wave
number, as governed by

m2 zð Þ ¼ k2 N 2 zð Þ
�2
� 1

� �
; ð1Þ

and also refracts, i.e., bends toward the horizontal owing to
increasing stratification. In the upper portion of the pycno-
cline (N2 ! 0), the internal wave beam becomes steeper
owing to a decrease of the stratification and the vertical
length scale increases (m decreases) as it approaches the
caustic z¼ zc according to equation (1). Maximum amplifi-
cation of the vertical wave velocity occurs slightly below
the caustic and decreases exponentially above it. Later, af-
ter being reflected from the caustic, the IW beam returns
back to the bottom medium through the transition layer.
Prior to time t ’ 10T , the wave behavior is linear. As time
progresses, higher harmonics ! ¼ n�; n 2 Nð Þ originate in
the reflected beam at x � 580 m. A remarkably complex
wave pattern associated with the reflected beam is shown in
Figure 2b. The wave at the second harmonic (2�) that
propagates down inside the pycnocline is clearly visible.
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Since the harmonics have frequencies that do not allow
propagation in deep water, they reflect back from the lower
transition layer N2 ! N1 at x � 780 m. There is a similar
reflection from their corresponding caustic (N¼ 2�) at x �
950 m. This process continues and repeats for other higher
harmonics, resulting in the trapping of higher harmonics
inside the pycnocline similar to recent numerical [Gri-
souard et al., 2011] and experimental [Mercier et al., 2012]
studies at laboratory scale.

3.1. Identification of Parametric Subharmonic
Instability (PSI)

[16] As time progresses, the incoming internal wave field
becomes more complex inside the pycnocline owing to
parametric subharmonic instability (PSI). During this pro-
cess, the incoming beam is distorted in the pycnocline due
to the superposition of newly formed subharmonic waves,
which have shallower characteristic angles compared with
the fundamental beam, as shown in the boxed region of
Figure 2c. The subharmonic waves with negative group ve-
locity encounter the left domain boundary where a sponge
is placed to absorb the waves. This sponge has a strength

that linearly decreases from a maximum at z¼ 150 m to
zero at z¼ 0.0 m, well above the wavemaker. The forma-
tion of the subharmonic waves is associated with refraction
of the internal wave beam as it travels from the bottom
region with buoyancy frequency N1 through the pycnocline
with increased stratification, N2. Simulations of beam prop-
agation through a uniformly stratified medium (either N1 or
N2) or beam reflection at a rigid boundary do not show the
instability leading to subharmonics.

[17] To analyze the energy transfer among the higher
harmonics and the subharmonics, we have calculated the
spectrogram Y !; tð Þ, which represents the temporal evolu-
tion of the spectrum Y(!). The spectrum at a given time is
calculated using a time window centered at that time and
chosen to be 10T to accurately capture internal wave sig-
nals at lower frequency. Figure 3a shows that, before
t¼ 120 h, the velocity field of the incident wave has a dom-
inant peak at the frequency, !0¼�, where � is the tidal
M2 frequency. Soon after, the spectrum reveals two addi-
tional peaks, !1 � 0.3 � and !2 � 0.7 �, in the subhar-
monic regime 0;�ð �. The corresponding effect on the
spatial structure of the incident beam was earlier noted in
Figure 2c. The two newborn wave packets together with
the forced internal wave beam constitute a resonant triad
(!1þ!2¼!0) and, by gaining energy from the forcing IW
beam of frequency !0, weaken the main wave beam. A no-
ticeable difference in the spectra is found in the reflected
beam as shown in Figure 3b. High harmonics n�; n 2 Nð Þ
of the tidal frequency are seen instead of subharmonics.

[18] We now turn to the description of the triad interac-
tion in wave number space by processing the data with
band-pass filters corresponding to the participating frequen-
cies. During the initial period before t ¼180 h, the original
unfiltered data shown in Figure 4a exhibit phase lines that
are well organized and inclined toward the right, indicating
positive horizontal wave number and rightward phase prop-
agation. Figure 4a shows that, soon after t¼ 180 h, the inci-
dent wave beam experiences subharmonic instability,
forming additional internal wave packets with different
phase angles and frequencies including leftward propaga-
tion. The data, band-passed into the forcing frequency
!0 � 0:95� 1:05�ð Þ and plotted in Figure 4b, show the

forcing IW wave field with a rightward inclined phase over
the entire time span. The dominant wave number, kx, for a
given signal is obtained by using the slope of the x-t curves
to infer the phase speed, Cpx, and then using ! ¼ Cpxkx.
The dominant horizontal wave number of the incident
beam is kx;0 ’ 0:06 m�1. Space-time diagrams of the two
IW wave packets after band passing around !¼ 0.7 � and
!¼ 0.3 � are shown in Figures 4c and 4d, respectively.
The internal wave with frequency ! � 0.7 � has smaller
phase speed and a larger wave number magnitude
kx;1 � 0:09 m�1
� �

compared with the main beam. We
emphasize that the smallest horizontal scale lx � 78:5 mð Þ
of the wave produced during PSI is well resolved with the
existing grid resolution in the horizontal direction. The IW
having frequency !¼ 0.3 � exhibits phase lines in the x-t
plane that are oriented leftward, which is consistent with
negative phase velocity, as was also evident in the spatial
structure of the incident beam in Figure 2c. This wave has
a wave number kx;2 � �0:03 m�1 showing a resonant triad
condition, i.e., kx;0 ¼ kx;1 þ kx;2.

Figure 2. Overview of simulated IW beam dynamics dur-
ing the interaction of an internal wave beam that propagates
upward from the lower left corner, with the upper ocean
pycnocline. Streamwise (x direction) velocity (m/s) con-
tours are shown at different times: (a) laminar response at
t¼ 10T, buoyancy profile of the background shown in
green; (b) weakly nonlinear regime with trapped higher
harmonics in the region at t¼ 15T ; (c) nonlinear response
exhibiting the formation of subharmonics in the incident
region (marked with the box) of the beam at t¼ 18T. All
snapshots are taken at the same phase.
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[19] The resonant triad condition is also satisfied by the
vertical wave numbers. Analogous to the calculation of the
horizontal wave numbers discussed above, the vertical
phase speeds, Cpz, are obtained from the z-t diagrams (Fig-
ure 4, bottom part) of data band-passed at the three partici-
pating frequencies followed by calculation of kz. For the
present case, kz;0 �0:4 m�1ð Þ, kz;1 �0:92 m�1ð Þ, and
kz;2 0:52 m�1ð Þ participate in the PSI.

[20] The triad in the resonant instability found here
involves !0¼�, !1¼ 0.7 �, and !2¼ 0.3 �, not the values
of !1¼!2¼ 0.5 � often associated with PSI. In the present
simulations, there is growth in the energy at 0.5 �, but it is
small relative to the resonant subharmonics. As will be dis-
cussed later, case A5 with higher stratification and shallower
beam angle of 7� exhibits PSI with subharmonic frequency
of approximately 0.5 �. Subharmonic instability involving

Figure 3. Evolution of the line averaged spectrum, hYi !; tð Þ, of streamwise beam velocity measured
inside the pycnocline. (a and b) Correspond to data measured at the horizontal lines indicated by the
dashed lines 1 (incident beam) and 2 (reflected beam), respectively, in Figure 2c. The incident beam in
Figure 2a shows the fundamental frequency as a dark black horizontal band and the two subharmonics as
two gray horizontal bands starting at t � 110 h and progressively darkening with increasing time. The
reflected beam in Figure 2b, on the other hand, shows only horizontal bands corresponding to higher har-
monics in addition to the fundamental.

Figure 4. Time series of horizontal velocity (m/s) along a line of original data and band-passed in time
frequency ranges, as indicated at the bottom left of each plot. The beam incident in the pycnocline (data
on line 1 in Figure 2c) is considered here. (top) x-t plots corresponding to data on a horizontal line and
(bottom) z-t plots corresponding to data on a vertical line, x¼ 400 m.
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waves with unequal frequencies has been found previously
[Korobov and Lamb, 2008; Bourget et al., 2013] but not in
the ocean to the best of our knowledge. Bourget et al. [2013]
show analytically that, at a low Reynolds number, the fastest
growing instability corresponds to unequal frequencies of
the daughter waves, thus explaining their laboratory findings.
Cases A1–A4 have a Reynolds number, Reb ¼ u0lb=�, that
is 2 orders of magnitude below the oceanic value, which
may lead to the unequal frequencies of the most unstable
waves found here. In general, the selection of daughter wave
frequency/wave number combinations depends on the prop-
erties of the incoming beam such as frequency, wave num-
ber spectra, and Reynolds number.

[21] Waves of a smaller length scale, originating from
PSI, may be susceptible to convective overturning. Density
profiles (not shown) at a late time indicate a density inver-
sion with a negative value of Rig around z � 7 m. Simula-
tions are terminated after t¼ 20T because the present two-
dimensional grid is not adequate to resolve the three-
dimensional fine-scale turbulence and to measure the dissi-
pation accurately. Turbulence dynamics, whose simulation
will require large eddy simulation (LES), will be the sub-
ject of a future investigation.

4. Interaction of an IW Beam at a Shallow Angle
(7�) With the Pycnocline

[22] In cases A1–A4, the IW propagation angle was cho-
sen to be �¼ 30�. In reality, such a steep beam angle is not

common in the ocean. As noted earlier, it is computation-
ally very expensive to model a shallow beam because it
necessitates a significantly large number of grid points in
the horizontal direction. Therefore, rather than performing
a parametric study with a shallow beam angle, we simulate
a single additional case with more realistic stratification in
order to verify that the finding of PSI holds for shallow
beams. Case A5 has a bottom buoyancy frequency of N1 ¼
1:155� 10�3 rad s �1 corresponding to a beam angle of
�¼ 7�. The velocity amplitude of the incoming beam is
u0¼ 0.41 cm/s, which leads to Fr¼ 0.035, identical to the
other simulated cases. Similar to cases A1–A3, PSI is found
to disintegrate the incident beam in case A5 as shown in
Figure 5a.

[23] Figure 5b shows the power spectrum of horizontal ve-
locity inside the pycnocline. The two energy peaks, found to
occur at subharmonics of ! � 0.3 � and ! � 0.7 � in cases
A1–A3, shift very close to ! � 0.5 � in the present case A5.
The spectrum also shows several temporal harmonics
n�; n 2 Nð Þ in the IW beam even before reflection. The inci-

dent beam has a spectral peak at kx;0 ¼ 0:01260:001m�1

and kz;0 ¼ �0:2960:03m�1. From space-time data after
band passing at 0:5�60:05�, the horizontal wave numbers
of the subharmonic waves participating in PSI are found to be
kx;1 ’ �kx;2 ¼ 0:0660:006m�1 and the corresponding
vertical wave numbers are kz;1 ’ �kz;2 ¼ �2:960:3m�1.
Consistent with the theory of PSI involving !0 and !0/2, the
wave number components of the subharmonic are much
larger than those of the primary wave.

Figure 5. (a) Overview of simulated IW beam dynamics for case A5 during the interaction with the
upper ocean pycnocline shown by streamwise velocity contours at t¼ 25T. Here, T is the time period 2�/
�. (b) Line-averaged power spectrum hY i !ð Þ=hY i �ð Þ of streamwise beam velocity measured inside the
pycnocline. The time series is taken over 20T. Numerical data taken at the horizontal line is indicated in
Figure 5a.
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5. Energetics of PSI

[24] Energy is transferred from the fundamental to the
subharmonics during PSI. This process is quantified, and the
dependence of the energy transfer on the thickness of the
pycnocline relative to that of the beam is assessed. The area-
averaged kinetic energy, hEk;subi ¼ 1=2�0husub � usubi and
potential energy hEp;subi ¼ 1= 2�0ð Þ g�	sub=N

� �2
of the two

subharmonic modes is calculated and plotted in Figure 6.
Note that after computing the two subharmonic components
by spectral filtering of the simulation data, the energies in
each subharmonic are added and the sum plotted as Ek,sub

and Ep,sub. For case A1, the growth is negligible during the
initial 7 days. During the time interval, Dt � 7� 9:5 days ,

the subharmonic energy grows exponentially with a growth
rate of

	t ¼
1

hEsubi
dhEsubi

dt
’ 2=3per day : ð2Þ

[25] The area-averaged kinetic energy, hEk;f i, and poten-
tial energy, hEp;f i, associated with the M2 wave beam are
also shown. In response to PSI, which transfers energy to
the subharmonic motions, both the kinetic and the potential
energy of the main beam drop after t ’ 7 days. Cases A2
and A3 with thinner pycnoclines also show PSI with the
same growth rate. However, with decreasing pycnocline
width, the amount of energy transfer to the subharmonic
drops significantly. For the thinnest pycnocline (lpy/
lb¼ 0.1), the energy transfer is almost negligible (not
shown here). Case A5 (beam with shallower angle of 7�),
whose wave energetics is shown in Figure 6d, exhibits ex-
ponential growth with a rate of approximately two-thirds
per day, similar to cases A1–A3.

[26] The reason for the absence of PSI in case A4 is as
follows. The wave with frequency ! � 0.7 � has wave
number of kz;1 � 0:92m�1 corresponding to a wavelength
of �z;1 � 6:8m. The distance over which the buoyancy fre-
quency changes from N1 to its peak, N2, is lpy/2, and the
subharmonic waves are established within this region in
cases A1–A3. However, case A4 has lpy/2¼ 5 m, which is
smaller than the wavelength, �z;1 � 6:8 m. Since the thin
pycnocline of case A4 does not satisfy the constraint, lpy/
2>�z,1, where �z,1 is the smallest vertical wavelength of
the wave triad, PSI is not effective in removing energy
from the incoming beam.

5.1. Three-Dimensional Simulations

[27] The dynamics discussed here are two-dimensional.
Nevertheless, we perform a three-dimensional simulation
in order to confirm that allowing for the third dimension
does not change the primary result of the paper, i.e., beam

Figure 6. Evolution of the fundamental and subharmonic
wave energy for cases A1, A2, A3, and A5 are shown in
Figures 6a–6d, respectively. Area averaged kinetic energy,
hEk;subi, (solid red line) and potential energy hEp;subi
(dashed orange line) of the subharmonic wave motion as
function of day. Corresponding quantities for the funda-
mental tidal frequency are also shown. The area of integra-
tion for cases A1–A3 is marked by a rectangle in Figure 2c.

Figure 7. A zoomed region of Figure 2c corresponding to
case A1 that shows behavior at a particular time within the
pycnocline after the main beam hits the interface with the
upper mixed layer: (a) streamwise velocity (m/s) and (b)
isopycnals.
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degradation. Case A1 was rerun with 20 m width in the
spanwise y direction and Dy¼ 0.3 m. Comparison of the
energy evolution (plot not shown) with the corresponding
evolution in the 2-D simulation shown in Figure 6a shows
little difference. At late time (not shown here), there are
convective overturns and growth of small-scale turbulence
that cannot be resolved by the grid employed here and will
have to await a future large eddy simulation (LES).

6. Internal Solitary Wave (ISW)

[28] The values of � and �, parameters that were defined
in the introduction, do not satisfy the optimal criteria for
ISWs with case A1 being furthest away and case A4 being
closest to the optimal criteria of �¼ 0.12 and �¼ 1. Figure
7 shows a zoomed view of Figure 2c corresponding to case
A1 to illustrate the behavior within the pycnocline. The
interface with the mixed layer shows a large deformation at
x � 550 m where the main beam is incident. There are
other deformations of the interface at larger x. These defor-
mations occur owing to reflection of higher harmonics at
the interface as well as ISWs. For instance, the deformation
at x¼ 670 m corresponds to a mode-2 ISW and that at
x¼ 900 m corresponds to a reflected second harmonic. Fig-
ure 8 is a corresponding figure for case A4. This case has
the largest value of beam thickness with respect to the pyc-
nocline thickness, lb/lpy¼ 10, and does not exhibit PSI.
Interfacial displacements by mode-2 and mode-1 ISWs are
clearly present in case A4 and have a larger amplitude than
in case A1.

7. Conclusion

[29] The interaction of an internal tide beam with an
upper ocean pycnocline has been examined using numerical
simulation. The fine grid utilized here allows a space-time
description of small-scale waves during the interaction. The
incident beam is found to exhibit a strong nonlinear
response, driven by parametric subharmonic instability
(PSI), as it travels upward through the increasing stratifica-
tion of the pycnocline. Diagnostics applied to the numerical

data show the development of subharmonics that form a res-
onant triad. During the PSI, energy transfer occurs to subhar-
monic motions, leaving a weaker incident wave beam. Beam
degradation owing to PSI is found here when the beam
thickness, lb, is not too large, i.e., does not exceed the pycno-
cline thickness by an order of magnitude or more. Case A4,
with the thickest beam (lb/lpy¼ 10) considered here, does not
result in beam degradation because of insufficient space in
the pycnocline for PSI to develop; in particular, the vertical
wavelength of the shortest wave of the resonant triad is
larger than the distance over which the buoyancy frequency
in the pycnocline increases from a uniform value to its peak.
On the other hand, the generation of internal solitary waves
is the most prominent in case A4. When the internal wave
beam velocity was lower by a factor of 2.5, relative to that in
cases A1–A3, incident beam degradation was not found,
suggesting that there is a finite-amplitude threshold that has
to be met for PSI to be operative.

[30] The selection of the subharmonic frequencies in PSI
depends on the specifics of the primary wave such as the ra-
tio of wave frequency to buoyancy frequency and Reynolds
number. Case A5, with a shallower beam angle of 7� and
larger beam velocity, is closer to oceanic conditions than
cases A1–A4. The dominant subharmonic frequency in
case A5 was found to be close to (1/2)M2 because of the
higher Re, while cases A1–A4 exhibited the pair 0.7 M2
and 0.3 M2. The velocity in upper ocean sites with ener-
getic internal waves is typically on the order of 0.1 m/s,
which, with a buoyancy frequency of 10�2 s�1 and a beam
width of 150 m, leads to Fr ¼ u0lb=N1 ¼ 0:067 and
Reb ¼ u0lb=� ¼ 15� 106. The value of Fr is similar to the
values considered in the simulations, and, given the high
Reynolds number, we can expect PSI with daughter waves
of half the M2 frequency during the interaction of such a
beam with the upper ocean pycnocline. The present ideal-
ized simulations suggest that oceanic high-mode internal
waves with phase-locking as in an internal wave beam are
susceptible to nonlinear breakdown through subharmonic
instability when they refract through the upper ocean pyc-
nocline and, thus, may help explain the HOME observation
that the energetic internal wave beams emanating from the
ridge attenuate after interaction with the upper ocean pyc-
nocline. The resonant instability generates smaller vertical
scales that lead to wave steepening in the present simula-
tions. Such wave steepening could evolve into turbulence
whose properties will be examined through future three-
dimensional simulations.
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